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Bound States at Threshold in Systems with Coulomb Repulsion 

Dmitry K. GridneJ*] 

FIAS, Ruth-Moufang Strasse 1, D-60438 Frankfurt am Main, German 

The eigenvalue absorption for a many-particle Hamiltonian depending on a parameter is 
analyzed in the framework of non-relativistic quantum mechanics. The long-range part of 
pair potentials is assumed to be pure Coulomb and no restriction on the particle statistics is 
OO ' imposed. It is proved that if the lowest dissociation threshold corresponds to the decay into 

O ; 

' two likewise non-zero charged clusters then the bound state, which approaches the threshold, 



does not spread and eventually becomes the bound state at threshold. The obtained results 
have a direct application in atomic and nuclear physics. Under minor assumptions a positive 
proof is given to the conjecture that negative atomic ions have a bound state at the threshold 
when the nuclear charge becomes critical. 



INTRODUCTION 



^ ■ n Q 

o ■ In m using the bounds on two particle Green's function from [4] we analyzed the conditions on 



?OT a short list of 
and references 



pair potentials, which lead to the eigenvalue absorption in the many-body case 
references concerning the phenomenon of eigenvalue absorption see (see also l| 
therein). A serious shortcoming of the approach developed in jl| was inability to include into 
consideration the antisymmetry of wave functions, which naturally arises in the case of fermions. 
^ , Our aim here is to overcome this difficulty. We shall prove the results similar to those in [1] for 

' the pair potentials, which are a sum of a short range part (falling off faster than r~'^/^) and a pure 

Coulomb part, and whereby no restrictions on the particle statistics are imposed. This general 
type of pair potentials covers most important physical cases like atoms, molecules and nuclei. By 
the end we shall prove rigorously that negative atomic ions have a bound state at threshold when 
the nuclear charge Z reaches the critical value Zcr and Zcr > N — 1, where N is the number of 
electrons. 

Similar to [l| we consider the Hamiltonian of N particles H{Z), which depends on a parameter 
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Z eMP and has the form 



V{Z;x)= 

l<i<j<N 



H{Z) = Ho + V{Z-x) (1) 

qi{Z)qj{Z) 



Uij[Z; Xi — Xj) + 



(2) 



where Hq is the kinetic energy operator with the center of mass removed, x G R'^^~^ is the set 
of relative coordinates, Xi G are particles' position vectors and qi{Z) £ M denote the particles' 
charges, which depend on Z. As in [\ we consider only Z £ Z C W, where the set Z consists 
of a given sequence of parameter values {Zk}^i converging to some critical value — > Zcr and 
the limit point itself, that is Z := {Zi^} U Zcr- The pair {H{Z),Z) is called the Hamiltonian with 
a parameter sequence. The particles are allowed to be bosons and fermions. We denote V the 
orthogonal projection operator on the proper symmetry subspace. The bottom of the continuous 
spectrum we define as Ethr{Z) := \ni a ess{H {Z)V) . 

Throughout the paper we shall use the following function t/q : M, which determines the 

asymptotic behavior at infinity ria{r) = X{r\ \r\<i} + X{r\ |r|>i}kl") where r G M" and XA always 
denotes the characteristic function of the set A. Note that ??o(r) is continuous and rja^rja^ = flaia2- 
Similar to [l| we impose a number of restrictions on the system. 

Rl \Uij{Z;y)\ < U{y) for all Z G G M^, where U{y) is such that r]x{y)U{y) G 

L'^(M^) + L^(M^) and A G (|,2) is a fixed constant. Additionally, there is a constant 
qo > such that \qi{Z)qj(Z)\ < q^. 

R2 V/(x) G C7-(M3A'-3): lim^.^z^J [V{Zk) - V{Zcr)]f\\ = 0, where {ZJ = Z/Z^r- 

R3 for all Zk G Z/Z^r there are E{Zk) G M,V(Zfc) G D{Ho) such that H{Zk)^{Zk) = 
EiZMZk), where V^PiZk) = V'(^fe), ||V'(^fc)ll = 1 and EiZk) < EthAZk). 

R4 ImiZf^^z^r E{Zk) = VrniZk^z^,. Ethr{Zk) = Ethr{Zcr), where {Zk} = Z/Zcv 
Let a = 1, 2, ... , (2^^^ - 1) label all the distinct ways [J] of partitioning particles into two 
non-empty clusters and We define the coordinates within the clusters as and ^fj) where 
i = 1, 2, . . . , and j = 1,2,..., ^"^^ symbol # refers to the number of particles in the 
corresponding cluster. The coordinate G points from the center of mass of to the particle 
i in and S^2j ^ ^ points from the center of mass of €-2 to the particle j in ^2- By we denote 
the full set of intercluster coordinates consisting of and ■ We also notate 

i=i j=i 
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The coordinate of clusters' relative motion points from the center of mass of to the center of 
mass of 

Following the notation from [J, we define the sum of interaction cross terms between the 
clusters as 

UZ) := y^,{Z) (4) 

The product of net charges of the clusters is defined as 

Q^{Z) =Y.Y. ^^iZ)q^(Z) (5) 

The projection operators on the proper symmetry subspace for the particles within clusters 
and C^"^ are T^J"^ and V^^^ respectively. Naturally, VV^^), = V^^^V = V and \pf^ ,vf\ = 0. We 
also define := v'f^'Pf' . The Hamiltonian ^ can be decomposed in the following way 

H{Z) = H\t{Z) - ^Ar^ + (6) 

where H^^^^{Z) is the Hamiltonian of the clusters' intrinsic motion and fia denotes the reduced mass 
derived from clusters' total masses. From now on without loss of generality we set nV(2/ia) = 1- 

It is convenient to use the tensor product space L^(M^^~^) = L^(R^^~^) (g) L^(E^), where the 
first product term corresponds to the space of coordinates and the second term to the space of 
ra coordinate. In these terms the operator H^'^^ has the form -f^j^^ = H^f^^ (g) 1, where H^f^^ is the 
restriction of H^^l to L^iR-^^^^) (the space of £,a coordinates). Similarly, the restriction of "P^"^ to 
the same space we denote by V"", that is P*-"^ = V"" 1 

The set of requirements continues as follows. 

R5 For all Z G Z and a = 1, 2, . . . , L one has inf = Ethr{Z). 

R6 There is |Ae| > independent of Z such that the following inequalities hold for all 
Z 

\niaess{H1hr{Z)V'') > Ethr{Z) + 2|Ae| (a = 1, . . . ,L) (7) 
H^j,,{Z) - EtUZ)]v'' > lAelV'^ (a = L + 1, . . . , 2^"^ - 1) (8) 



The requirement R5 says that the bottom of the continuous spectrum of H{Z) is set by the decay 
into those two clusters that correspond to any of the decompositions a = 1, 2, . . . , L. Inequality 
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([7|) introduces a gap between the ground state energy of the two clusters and other states. For 
a = 1, 2, . . . , L and Z Z we define the projection operator acting on (the space of 

coordinates) 

where {Pq} are spectral projections of H1^^{Z)V"'. Note that by R5 one has "^^^^^o Eth {z)) ~ ^ 
and, hence, by R6 the projection P^j^^{Z) has a finite dimensional range for each Z. 

We shall need the last requirement, which gives a uniform control over the bound states' wave 
functions of two clusters. 

R7 For all Z G 2 and a = 1,2, ... ,L there are constants A, fi > independent of Z and 
a such that 

y\^'^\p,UZ)\\<A, (10) 

where under e^'^"' we understand the operator of multiplication by the corresponding 
function. 

The requirement R7 has the following consequence 

Lemma 1. There is an integer constant a; > such that 

sup [dimRanP4,.(Z)] < uj (11) 

Proof. P^^^{Z) is the projection on a finite number of bound states of H^^^{Z). Thus there must 
exist orthonormal ipf{Z) e D{-A) C L'^{R^'^-^) for i = 1,2, . . . ,n{Z) such that 

n{Z) 

P,UZ) = ^E^^ti;V^t), (12) 

i=l 

where the negative numbers E^{Z) lie in the range [Ethr{Z),Ethr{Z) + |Ae|]. We must show that 
n{Z) < UJ for all Z £ Z. From R7 it follows that 

^^a^e^m^\ipt)<A (i = l,2,...,n(Z)) (13) 

for all Z Z. From (|13p we get 

ivlX{^^\\^^\<R}^^)>l, (14) 
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where we define R := (ln2j4)/(2/3). Because the functions Aipf{Z), where A is a Laplacian defined 
on are norm bounded uniformly in Z (cf. Lemma 2 in [it]) there is a constant T > 

independent of Z such that 



{iptiZ),A^'}{Z))<T 



(15) 



for all Z £ Z. Combining (jl4l) and (llSp yields 



^V^^[-A-2rx{5„ll^„l<^|]vP?j <0 (16) 

Because ipf are orthonormal by the min-max principle the value of n{Z) does not exceed the 
number of negative eigenvalues of the operator in square brackets. This operator does not depend 
on Z and the number of its bound states having negative energy is finite (which follows, for example, 



from the Cwikel-Lieb-Rosenblum bound 



□ 



(the space of coordinates). Its extension to 



So far we have defined P^f^j.{Z) on L" 
the tensor product space we denote as P^^^^(Z) = P^f^^{Z) ® 1. We shall need the following simple 
lemma 

Lemma 2. Suppose that a sequence fn G L2(M3^-6) ® l2(M3) is uniformly norm-bounded and 
does not spread. Suppose additionally that an operator sequence 

such that sup^ He"'^"' < K, where K,a> Q are constants. Then the sequence {An ® ^)fn does 
not spread. 

I — I 

Proof. For the definition of spreading see pj] . We can define the full set of relative coordinates for 
a given cluster partition as x = {(,a,ra) and |x| = |^a| + \ra\. Let us choose R > so that the 
following inequalities hold 



sup 



<e/{2Ksnp\\fn\\) 



\\X{x\ \ra\>R}fn\\ < e/2, 

where e > is some constant. Note that 

X{x\ \x\>2R} < X{x\ \ia\>R} + X{x\ \ra\>R} 

Using ([IHD and ([I7])-([l8]) we obtain 



X{x\ \x\>2R}iAn ® l)/n 



< £ 



for all n. This proves the claim. 



(17) 
(18) 

(19) 

(20) 
□ 
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Now we can formulate the main theorem. 

Theorem 1. Suppose that {H{Z),Z) satisfies the requirements Rl — 7 and Q^-°'-^{Z) > Qq for 
all Z & Z, where Qq > does not depend on Z . Then (a) for Z\^ — > Z^r the sequence '^(^fc) defined 
by R3 does not spread, (h) H{Zcr) has at least one bound state, which is invariant under V and 
has the energy Ethr{Zcr)- 

We postpone the proof to Sec. IIIII A few remarks are in order. For L = \ and particles that 
are not fermions Theorem [1] can be considered as a partial case of Theorem 4 proved in [H]. In 
contrast, hereby we do not make any restrictions on the particle statistics: the particles can be 
bosons or fermions. One can improve Theorem [T] by easing some of the restrictions. For example, 
the exponential fall off in R7 can be replaced by some power. Using the trick from Lemma 9 in l| 
one can generalize the above theorem to the case of a multi-cluster decay: one must require that 
the lowest dissociation threshold corresponds to the decay into likewise non-zero charged clusters 
(the proof would be given elsewhere). 

II. UPPER BOUND ON THE TWO PARTICLE GREEN'S FUNCTION 



Consider the following integral operator on L 

Gl{A)=[-A + A^^i{x) + k'], (21) 

where x G M'^ and A, A; > 0. The kernel of this operator we shall denote as G'^{A;x,x') (the 
superscript "c" in the expression refers to "Coulomb"). The following Lemma uses the upper 
bound on a two particle Green's function from [3]- 

Lemma 3. For a fixed A> Q and all n > there is a constant b > such that 

snp\\Gl{A)x{x\ \x\<n}\\ < bn, (22) 

fc>0 

where \\ ■ \\ means an operator norm on L^(M'^). 

Proof. The operator Cj^i^A) is an integral operator with a positive kernel |7i] and, hence, it suffices 
to consider (j22p for n > 1. For a shorter notation we denote Xn '■= X{x\ \x\<n}- The following 
inequality is obvious 

\\GliA)Xn\\ < ||X4nG'^(^)Xn|| + 11(1 " X4n)G^fc (>l)x„ || (23) 
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We consider separately two terms on the rhs of (p3]) to obtain ||x4nG'|(^)Xn|| = 0{n) and ||(1 — 
Xin)G1{A)xn\\ = o(n) for n oo. From these relations the statement follows. Because is 
an integral operator with a positive kernel the following bound holds for the first term in (j23p 
||X4nG'^(^)Xn|| < ||X4nG'^.(^)X4n||- The last expression is the norm of a self-adjoint operator, 
which can be rewritten as 

(24) 
(25) 



IX4nGfe(^)X4n|| = SUp ( X4n/, (^)x4n/ ) < 

11/11=1 



sup (x4n/,(^??-l) ^X4n/) =4^ ^ 
11/11=1^ ^ 



n 



where we have used that from the operator inequality for positive self-adjoint operators B > C the 
inequality S"^ < C"^ follows. Taking S = -A + ^r/_i + k"^ and C = Ar]^i we find that (f24l) -(f25]l 
is true. Thus we obtain ||x4nG^.(^)Xn|| = 0{n) as promised. 

Let us now consider the second term on the rhs of (j23p . We shall need the bound on the Green's 
function from Qj. Let Gk{o,;x,x') denote the integral kernel of the following operator on L'^' 



Gk{a) 



-A 



^M-l + °M-3/2 



4 i-i ■ 4i-i / X{x-||x|>i} + ^ 
Lets us set a equal to the positive root of the equation a(a + 1) = AA. Then we get 



x\ |x|>l}) 



(26) 



(27) 



which means that G'f,{A; x, x') < Gk{a',x^x') pointwise for all x^x' , see [l|, y]- The upper bound on 
Gk{a;x,x') from jj] (Eqs.(42)-(43) and Eqs. (39)-(40) in t^) reads 



Gk{a]x,x') < 



Airlx — x' 



X < 



for \x — x'\ < Rq 



exp |a\/Ro — ay^|x — x'l | for \x — x'\ > Rq, 
where Ro,d have to be chosen to satisfy the following inequalities. 

-Ro > 1 + \x'\ 
d<aRl^\Ro + \x'\)-^/'^ 

From the inequality ()28p we obtain the bound 

1 I 1 



(28) 



(29) 
(30) 



Gk{a;X,X )X{|a;'|<n} < ^ 



for \x — x'\ < 2n 



X — X 



expjf (^/2^- V^lx- x'l)} for 



X — x'\ > 2n, 



(31) 



where we have set Rq = 2n and d = a/2. It is straightforward to check that this choice of Ro,d 
indeed satisfies (j29|) -([30 |) . Taking into account that G'j^{A; x, x') < 6*^(0; x, x') we finally get from 
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31]) the required bound 



Gl{A;X,X |x|>4n,|2:'|<n} < 47r[3n) X{x,x'\ \x\>4n,\x'\<n} (32) 



Note that the rhs of (|32|) does not depend on k. Using the upper bound (j32|) and estimating the 
operator norm through the Hilbert-Schmidt norm we get 

m - X4n)GUA)xnf < [ dx f dx'\Gl{A;x,x')\'' < (33) 

J\x\>in J\x'\<n 



4n 



27 



The integral in ([M]) can be calculated explicitly and we obtain ||(1 — Xin)G'j^{A)xn\\ = o(n) as 
claimed. □ 

We shah need the following corollary of Lemma [3] 

Lemma 4. For the fixed A > 0,a > 3/2 the following inequality holds 

SUp||G^(A) 7]_a\\ < oo (35) 

fc>o 

Proof. For an arbitrary / G L^(R^) we have 

N 



GUA)v-af\\ = lim \\J2GUA)r,^a{Xn - Xn^i)f (36) 

n=l 
N 

^ J™ y]\Gl{A)Xn^^c.{Xn - Xn-lff (37) 



n=l 



where we have used (xn - Xn-iY = {Xn - Xn~i) and Xn{Xn - Xn-i) = {Xn - Xn-i)- For the 
operator norms we have = 1 and ||r/-.a(Xn — Xn-i)|| = {n — 1)"" for n > 2. Substituting 

these into ([37|) and using Lemma H] we rewrite ([37|) as 



|G^,(A)r?_„/|| < 6 hm f ||xi/|| + V n(n - l)-'^||(Xn - Xn-i)/||^ 



(38) 



Now using that \\{Xn — Xn-i)/|P = and applying the Cauchy-Schwartz inequality we get 
from Eq. jM]) 

(oo \ 1/2 

l + Y,n\n-ir^A (39) 

For a > 3/2 the series on the rhs of Eq. (j39p obviously converge and we see that indeed ||G^(^)r/_Q|| 
is bounded by a constant independent of k. □ 
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III. PROOF OF THE MAIN THEOREM 

We shall use the IMS localization formula, see J]. The functions J a G C^(M^^~^) form the 
partition of unity = 1 and are homogeneous of degree zero in the exterior of the unit sphere, 

i.e. Ja{Xx) = Jaix) for A > 1, |x| = 1 (this makes |VJa| fall off at infinity). Additionally, there 
exists a constant C > such that 

supp Ja n > 1} C {x\ \xi - Xj\ > C\x\ for i £ £ €.2} (40) 

The functions of the IMS decomposition are chosen to be invariant under permutations of 

particle coordinates both in €-1 and in hence [Ja,'P^°'^] = 0. 
Following 0, 0] we introduce 



H,{Z) = H{Z) - Ia{Z) = H^^liZ) - Ar^ 

We shall need the following analogue of the IMS localization formula 
by the direct substitution 



Hq — Hq ^ Ja^b — ^ JaJbHoJbJa + |VJa| 

a 



(41) 

J], which can be verified 



(42) 



a,b a,b 

The second sum on the rhs of (j42p is relatively Hq compact [4*]. The whole Hamiltonian can be 
written as 



H{Z) = JlHa{Z)Jl + JaJbHab{Z)JbJa + K{Z) 



(43) 



where we define 



YjaIa{Z) + \VJa\ 



K{Z) ■.= YjUbIab{Z) + 

2 2 

s=i p=i ijecgncj; 
lab{Z) := H{Z) - HabiZ) 



(44) 
(45) 
(46) 



The Hamiltonian Hab defined for a ^ h contains interactions within four clusters H £p, where 
s,p = 1, 2 and all cross-terms between these four clusters are contained in lab. (For some partitions 
it might happen that one of the four clusters is empty). If we define by Vsp'^ the projection operator 
on the proper symmetry subspace for particles within the cluster n then by the HVZ theorem 



mia{H^a,){Z)V^-'y)>Ethr{Z), 



(47) 
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where we define 



■p{ab) ._ ■p(a.h)j,{ab)j,{ab)j,{ab) 
11- 1-2 21 22 



(48) 



Note that [Ja Jb, P^*"^^] = 0. 

Lemma 5. Suppose that {H{Z),Z) satisfies Rl-7. Suppose, additionally, that ipiZn) = ipn 
(j)Q G D{Hq), where Zn Z^r and Zn € Z/Zcr- Then 



hm 



hm 

Z n ^ Z cr 



j2(V.„-</,o) =0 (a = l,...,L) 



J^ii^n-M =0 (a = L + l,...,2 



N-l 



I) 



(49) 
(50) 







Proof. Fohowing the arguments from [l!] (in the proof of Lemma 8 in [l| after Eq. (61)) one can 
show that 



hm ((V'n - (/)o), [H{Zn) - Ethr{Zn)] (V'n " </'o)) = 0. 

Zji ^Zcr 



Similar to [ll] we define K by (HH), where ah Vij entering K are replaced by 



Vij := Uij + 



(51) 



(52) 



where Uij := U{xi — Xj). Then K does not depend on Z and is relatively Hq compact and besides 
for all / e D{Hq) one has \{f,K{Z)f)\ < {f,Kf). Thus by Lemma 3 in [l|] we conclude 



lini {{ipn- (l)o),K{Zn){Tpn- 4>o)) =0. 

Substituting (|13]) into ([5T]) and using ([53|) yields 

hm ((^„ - 0o), [^a(^n) " Ethr{Zn)] J^^n " </'o)) + 

a 

^((V'n - 0o), «/a^;) [HabiZn) - Ethr{Zn)] JbJa{^n - (/'n) ) = 



(53) 

(54) 
(55) 



Note that all scalar product terms are non-negative. For example, the terms in the second sum 
are non-negative by (j47p (one can insert 7^("'') because 'P^^-^^'P = V and [JaJb^'P^'^^^] = 0). Thus 
we obtain for all partitions a = 1, . . . , 2^~^ — 1 



lim ((V'n - .^o), Jl [Ha{Zn) " Ethr{Zn)] (V'n " </'o)) = 

Using (pT]) and — A^^ being non-negative gives 



(56) 



hm ({ll^n - 0O), Jl U^riZn) " Ethr{Zn)\ V^''ljl{ll^n " (^o)) = 0, (57) 

I — *Zcr ^ L -I 
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where we have inserted V^"'^ For a > L + 1 the statement of the lemma given by (j50p easily follows 

□ (a) I /'I _ p(a)\ 



from (I57p and from R6. To prove (09]) it suffices to insert into ([57]) the identity 1 = P^^^ + (1 -P/"^^ 



and to use the inequality 



H^^{Z^) - EMZn)] (l - Pi^liZn)) r^'^ > \Ae\ (l - P^, (58) 



□ 



which follows from Q. This proves the claim. 



The following lemma expresses the idea of the multipole expansion 



Lemma 6. There is @a{x) G L" 



independent of Z such that for all Z ^ Z 



(59) 



Proof. The statement of the lemma is based on the following inequality, which can be checked 
directly. For all s, s' G 



X{s,s'\ |s-s'|>l} 



\s — s' 



< 27/2(s')??-2(s) 



For fixed s' the term on the Ihs of (1601) falls off like Isl ^. We write 



(60) 



I X{x\ \Xi — Xj\<l} 



+ Y,HZ)qj{Z)\ 



X{x\ \Xi — Xj\>l} 



By (|60p we have 



X{x\ a;j|>l} 



< V2i\S,a\)r]-2ira), 



(61) 
(62) 



(63) 



where we have used that xj — Xi = + ra — ■ Using ([63]) we conclude that the inequality (f59l 
would be true if we set Qa = ©ai + G)a2, where 



Gai(x) := e ^l^"l?7A(?-a) Yl l^'i + i^.l" .| X{x| \x,-x,\<i} 



8,2(3;) := NiN - l)qoe-''\^'^\m{\L\)Vx~2ira) 



(64) 
(65) 



Using Rl it is easy to see that @ai G 



). Because A < 2 we have Qa2 G 



T 00 
^00 



□ 
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The previous lemma helps proving the following statement, which is the main ingredient in the 
proof of Theorem [TJ 

Lemma 7. Suppose that the conditions of Theorem [7] are fulfilled. Suppose, additionally, that 
ip{Zn) = ipn <Po ^ D{Hq), where Zn — > Zcr and Zn G Z/Zcr- Then for a = 1,2,... ,L the 
sequence P^'^^{Zn)ipn does not spread. 

Proof. For a shorter notation let us set 12 '■= Ia{Zn) and ■= Q"'{Zn)- The Schrodinger equation 
reads 



{ [Hi^liZn) - EthriZn)] - A., + Ql^-l{ra) + kl]^l^n 

= -[/--Q;^r?_i(r,)]V'„, 



(66) 
(67) 



where we define k"^ = EfhriZn) — E{Zn) and also add and subtract the term Q'^rj^i. By Lemma[T] 
we can write 

P!HliZ) = Y.EtiZ)P^l{Z), (68) 

1=1 

where P^a{Z) = ipf{-,ipf) 1 and some (pf{Z) can be zero. Recall that ff{Z) are orthonor- 
mal eigenstates of H^'j^l^Z) with the energies E^{Z). For these energy values we have E'^{Zn) £ 
[EthT{Zn)^ I Ae|]. Because the sum in (|68p runs over a finite number of terms to prove the theorem 
it suffices to show that P^a(^Zn)ipn does not spread. 

Acting by P^pa^Zn) on both sides of (i66]l - ([67]l we obtain 



= -P^a{Zn)[i:-Ql^-i{r)]^n, 



where k'^ := [\E^{Zn) - EtUZn)\ + k 



211/2 



We set 



/2 



(69) 
(70) 

(71) 



G^.;(Qn) = 1 ® [-A.„ + Qlri^iiva) + k': 
Acting on both sides of ([MD-din]) by Gl,JQ^) gives 

P^?{Zn)i^n = -Gl,^{Ql)v-x{r,)P^a{ZMra) [i: - Q'nri-iira)] V'n, (72) 
where we have inserted ?/a^-a = 1- Adding and subtracting (pQ from ^„ we rewrite (|72|) as inequality 

\PpliZn)iJn\ (73) 

Gl,JQ^j7^^x{ra)P^^{Zn)r]x{ra) [i: - QlV-iira)] (V'n - 0o)| (74) 

+ Gl,^{Q-J{Q-Jv~x(.ra)P^?{ZMra) [4" " QnV~i{ra)] ct>o (75) 



< 
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Applying Lemma 



Tin []] 



we continue 



\P^a(Zn)lpn\ 

< G%^iQo)v~xira)Pl^^liZn)\mira) - QnV-lira)] i^n " <Po) 



(76) 
(77) 

(78) 



where we define P\ip'^\ ■= \iPi\{-,\iPi\) 1 and use > Qq, > k^. Finally, applying Lemma [6] 
we write 



where we define 



|P<(^n)V'n| <5n + /i<|(^n)e^l^'"l|/in|, 

9n ■■= G^fc„(Qo)r/-A(r-a)P|^^|(^n)e^l^"l|ea(x)(Vn - 0o) 
\hn\ := GUQo)r]^xira) Qa{x)(j)o 



(79) 



(80) 
(81) 



It remains to prove that both terms on the rhs of (|79p do not spread. Then it would follow that 
\Pip'^{Zn)tpn\ does not spread and the statement would be proved. We have 



\gn\\ < \\Gl^{QQ)ll-x{ra)\\ X \\P\^'^\{Zn} 



.ma\\ 



Qaix)ilpn - (Po) 



(82) 



The first two operator norms are uniformly bounded by the Lemmas [Hand R7 (cf. Lemma [T]). The 
last norm goes to zero because &a{x) G L'^(M.^^^^) + L^(R^^~^) is relatively Hq compact (see 
Lemma 3 in [1^). Hence, \\gn\\ and gn does not spread. By the same reasoning the sequence 
\hn\ is uniformly norm-bounded. Following the arguments in the proof of Theorem 3 in py] after 
Eq. (44) it is easy to show that satisfies all criteria of Theorem 1 in [l] and, hence, does 
not spread. But then the sequence i-]^<i|(Z„)e^l^"l|/i„| does not spread either by Lemma [2] since 
||e^l^"li^^a|(Z„)e^l^°l II < A^. Thus P^^j{Zn)ipn does not spread and the claim is proved. □ 

Now we can prove the main theorem. 

n 

of TheoremUl Again, following the arguments in the proof of Theorem 3 in [1], the theorem would 
be proved if we would show that every weakly converging subsequence of the sequence ip{Zk) does 
not spread. So let {Z„}^-^ C Z/Zcr-, Zn — > Zcr be a subsequence such that V'n := '4'iZn) is weakly 
convergent: il^n ^ (fo, where G D{Hq) by Lemma 3 in [1]. From "P^n = it is trivial to show 
that V(po = (pQ. Our aim is to show that ipn does not spread. 
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The following identity is obvious 

L 



V'n = ^P,S(Z„)J2(V^„ _ + ^[1 _ p/;)(Z„)] J2(^„ - </,o) (83) 
a=l a=l 



+ E 4'(V'n-</'o)+</'o (84) 

a=L+l 

The the last term in (j83p -(|84 p is a fixed LP' function and the last two sums go to zero in norm by 
Lemma O Hence, to show that V'n does not spread it suffices to prove that each term in the first 
sum does not spread. Using = 1 we write 

\PSMn)Jl{^n -M< I^S(^n)(V'n " </'o)| + | (Z„) J,^ (Vn " 0o)| < (85) 

\Pit{Zn)M + \Pi:tl{Zn)M + Y.\Pitl{Zn)j',{^n " 0o)| (86) 

The first two term on the rhs of (j86p do not spread by Lemmas I7|2I respectively. If we would show 
that the sum on the rhs of (j86l) goes to zero in norm then the statement of the theorem would 
follow. Indeed, for 6 7^ a 

\\Pi^riZn)Jl{^n " 4>o)\\ < 1 1 P£ (Z„)e^l«'"l 1 1 X \\e-^\^^\ J^^n " .^o)|| (87) 

The operator norm is uniformly bounded by R7 and the second norm goes to zero because 
g-/3|Ca| j2 ^ L^(IR'^^~^) for a ^ b and is thus relatively Hq compact (see Lemma 3 in Thus 



hm \\P^liZn)Ji{i^n - 0o)|| = (88) 

n— >oo" " 

and the claim is proved. □ 



IV. APPLICATION TO ATOMIC IONS 



Consider the Hamiltonian of an infinitely heavy atomic nucleus charge Z containing electrons 

N 

H^{z) = H,-Y,r-\+ E I r (89) 

i=l 1-^*1 l<i<j<Af 1-^* -^Jl 

The total number of particles is + 1 (the electrons are numbered from 1 to and the nucleus 
is the particle number + 1). By Vn we denote the projection operator on the proper symmetry 
subspace. We keep the integer number of electrons fixed and let the atomic charge Z continuously 
vary. For Z = N the Hamiltonian Hn[Z)Vn describes an atom and for Z = A^ — 1 it describes 
a single negative atomic ion. We shall call the system described by the Hamiltonian (|89p stable if 
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Hn{Z)Vn has a bound state below the bottom of the continuous spectrum. It is known [10|] that 
for Z = N the system is stable. When one diminishes Z the nuclear charge eventually reaches the 



critical value Zcr such that for Z > Zcr the system is stab^ 
a rigorous proof on existence of the critical charge see 



3ut for Z < Zcr already unstable. For 



11[. It is a true mathematical challenge 



13] to prove that Zcr > N — 2. 

For simplicity of the exposition we shall assume Zrr £ — 1, N) (this is the case of some inert 



17|). In this case the whole proof can be done 



gases, for which no stable single negative ions exist 
on a rigorous footing because the dissociation thresholds are known exactly. We can prove the 
following 

Theorem 2. Suppose that Zcr G — Ij-^)- Then Hi^{Zcr)VN has a bound state at the bottom 
of the continuous spectrum. 

Proof. Let us first introduce the parameter sequence for k = 1,2, . . . 

Zk = Zcr + ^ (90) 
2k 

Obviously, Z^. — > Zcr and Z^ < Zi < N. Now our aim is to show that all conditions of Theorem 1 
are fulfilled. It is helpful to denote by the ground state energy of Hi\iVn, or in other words 
to set E]y := mi (t{Hn'Pn)- The requirements Rl-2 are obviously fulfilled. R3 is fulfilled by 
the definition of the critical charge. Note that for Z ^ Z the bottom of the continuous spectrum 
corresponds to the decay into one electron and the rest of the particles, that is Ethr{Z) = En_i[Z). 
In the interval Z G [N — 1, N) the function Efyf-.i(Z) is continuous and, hence, R4 is fulfilled. Let 
a = 1,. . . ,N number those partitions, where the electron number a is removed from the rest of 
the particles. Then R5 is fulfilled, where one sets L = N. Eq. ([7]) can be rewritten in the present 
terms as En^2{Z) > En-.i{Z) + 2| Ae| for all Z ^ Z. This inequality would be satisfied if we set 

2|Ae| := inf [^^_2(^) - En-i{Z)], (91) 

where obviously |Ae| > 0. It is easy to see that with |Ae| defined by the inequality ([5]) is 
automatically satisfied. Thus R6 is fulfilled. The only hard part is to check that R7 is satisfied. 
Let us write ioY a = \,...,N 

n(Z) 

P,UZ) = Y,E^{Z)^n;V>t), (92) 

j=i 

where Ef{Z) G [En_i{Z), En_i{Z) + |Ae|]. By Lemma[T]R7 would be satisfied if we would show 
that there exist A, f3 > independent of Z such that {ip^ (Z) , e^'^^^''^ if'} (Z)) < A for all Z e Z. 
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Recall that the coordinates for a = 1, . . . ,N point from the nucleus to one of the — 1 
electrons. Following [3] we use the inequality for the integer powers of |^a| 

N-2 

\^ar<{N-2r-'^\cT (93) 



to write 



(v^Meai>?)<(iv-2r((^Me?i>n, (94) 

where we have used the wave function being either symmetric or antisymmetric under permutation 
of electrons. Representing the exponential function by series we get from (|94p 



(^^,e'P\^^\^^) <f2^iN -2n^t,\Clr^^) (95) 

n=Q 



Now we use the inequality (2.20) from 



^fJ|P^<i{Z + [^n|(n + 2)Y/'^}, (96) 

where e := EN^2iZ) - E^{Z). Note that e > |Ae|. For Z < Zi the inequality ^ can be 
transformed into 

(^?, ie?r+Vn <in + l)Civl le?|>?), (97) 
where we defined the constant C through 

Using iff being normalized from ((97|l we get the upper bound 

(^f,|e?l>?)<C"^! (99) 
that the Ihs of (|95|) would be bounded by a constant independent of Z if we set 

Thus R7 is also satisfied. For a = 1, . . . , iV we have (5"(Z) > Zi - (iV - 1) > 0, where Z G Z. 
Thus all requirements of Theorem [T] are fulfilled and the claim is proved. □ 

A few remarks are in order. For N = 2 the statement of Theorem [2] was conjectured in [isl 
(see also tldl) and proved by Thomas and Maria Hoffmann-Ostenhof together with Barry Simon 

n □ 

in [3|]. It is quite natural to extrapolate this result for arbitrary A^, see [17|]. The restriction 
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Zcr £ (A^ — 1, -/V) in the condition of Theorem [2] is imposed in order to keep the proof completely 
rigorous (otherwise to apply Theorem [T] one would need additional assumptions concerning the 
nature of dissociation thresholds). In fact, the same result must hold for Zcr < N. 
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